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Abstract

This paper aims at providing an example of a cubic Hamiltonian 2-
saddle cycle that after bifurcation can give rise to an alien limit cycle;
this is a limit cycle that is not controlled by a zero of the related Abelian
integral. To guarantee the existence of an alien limit cycle one can verify
generic conditions on the Abelian integral and on the transition map as-
sociated to the connections of the 2-saddle cycle. In this paper, a general
method is developed to compute the first and second derivative of the
transition map along a connection between two saddles. Next, a concrete
generic Hamiltonian 2-saddle cycle is analyzed using these formula’s to
verify the generic relation between the second order derivative of both
transition maps, and a calculation of the Abelian integral.
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1 Introduction and settings
We deal with perturbations of Hamiltonian systems:

T = _% +€f7
(X(ze) : i (1)
y = 5z +‘€g7

where H(x,y), f(z,y,T,€), g(x,y, T, €) are C* functions, ¢ is considered to take
small positive values and fr varies in some compact subset K C RP. Further we
abbreviate p = (1, €).

We suppose that the flow of X5 o) = Xp contains a period annulus bounded
by a hyperbolic 2-saddle cycle £ as in Figure 1. A period annulus is a subset of
the plane filled by closed orbits of X . The hyperbolic 2-saddle cycle consists
of two saddle—connections I'y and I'; and two hyperbolic saddles s; and ss such
that s1 := a(I'1) = w(I'2) and s3 := a(T'2) = w(I'1). We choose H to be zero on
the 2—saddle cycle and strictly positive on the nearby closed orbits.
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Figure 1: A 2-saddle cycle lying on the boundary of a period annulus.

In [9] it is proven that, for 7 € K and € > 0 near zero, £ can produce
limit cycles that are not controlled by zeros of the related Abelian integral (cfr.
(5)); these limit cycles are also called ‘alien limit cycles’ (cfr. [1]). In [9], one
found that exactly one alien limit cycle exists in a ‘generic’ unfolding (1) of
codimension 4, leaving one connection of the 2-saddle cycle unbroken. A precise
definition is given in Definition 2.

The principal result in this paper establishes the presence of this bifurca-
tion phenomenon of alien limit cycles in the unfolding (X(z,.) of the quadratic
Hamiltonian system Xy with two centers and two heteroclinic loops:

{ o= 1-Ly? =2t e[may + myle +y(@® + 5y? - (@ - Lray)),
Yy = 2xy+ey(i + ).

(2)

where the Hamiltonian H is given by

H(r,y) = yla® + 50>~ 1), 3)
Notice that this system was also studied in [6]. Verification of the generic
conditions that guarantee the presence of an alien limit cycle that bifurcates
from the 2-saddle cycle lying in {y < 0}, is quite involved.

For an unfolding to be ‘generic’, besides a genericity property on the re-
lated Abelian integral (cfr. (5),(6),(9) and (10)), a genericity property of the
second order derivative of the transition map along the saddle connections (cfr
(7),(8) and (11)) have to be satisfied as well. Sections 4, 5 and 6, present useful
techniques to check the generic conditions in concrete examples.

In this paper we prove the following results. We obtain general formulas for
the second order derivative of the transition map near a saddle connection, that
remains unbroken in an smooth unfolding of a Hamiltonian vector field; these
formulas are stated in section 6: Corollaries 18 and 19 respectively. Next, in
section 7, using the developed machinery, in Section 7 the generic conditions
are verified in the concrete system (2); we conclude that the generic properties
described in Definition 2 all are satisfied; in particular, from the result in [9],
we can conclude with:

Theorem 1 Let (X(z.)) be the unfolding of the Hamiltonian vector field Xy
given in (2) with Hamiltonian H given in (3); let £ be the 2-saddle cycle with
saddle points (—1,0) and (1,0), lying in the half plane {y < 0}. Then,

1. (X(z,.e)) is a generic unfolding of codimension 4, leaving the connection
{y = 0} unbroken, in the sense of Definition 2.
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2. Hence, the bifurcation diagram of limit cycles bifurcating from L with re-
spect to (fi,€), for ||(f, e)|| sufficiently small, € > 0, exhibits a swallow tail
catastrophy.

3. In particular, there exists an alien limit cycle bifurcating from L for (fi,e) =
(0,0); i.e. there exist parameter values (fi,e) arbitrarily close to (0,0) such
that X5 oy has 4 limit cycles tending to L when ||(fi,€)|| — 0, while the
Abelian integral has at most 3 zeroes near h = 0.

In this paper, we only study the 2-saddle cycle in the half plane {y < 0} ; one
can study the 2-saddle cycle in the half plane {y > 0} with the same reasoning.

Notice that the results obtained in sections 4, 5 (and 6) are valid for arbitrary
analytic families of vector fields (perturbations of a Hamiltonian vector field);
only in section 7, we work with the concrete Hamiltonian unfolding (2) .

The paper is organised as follows. In section 2, the generic conditions are
specified; in section 3, appropriate normal forms near the hyperbolic saddles
s1 and so are given, that are used to calculate the second order derivative of
the transition maps R}, and R’ in Sections 4, 5 and 6. In section 4, relying
on [2], general formulas for the second order derivative of the transition map
near a saddle connection, that remains unbroken in an smooth family of vector
fields. In section 5 (respectively 6), these formulas are translated for smooth
families of vector fields when expressed in normalizing coordinates (respectively
for smooth unfoldings of a Hamiltonian vector field). Finally, using the devel-
oped machinery, in Section 7 the generic conditions are verified in the concrete
Hamiltonian system (2).

2 Generic conditions

Throughout this article we suppose that (X,,) is a smooth unfolding of a Hamil-
tonian vector field Xy like in (1) such that X5 admits a period annulus bounded
by a 2-saddle cycle £ like in Figure 1 and where p varies in some neighbour-
hood of (fiy,0), Ty € K. After a translation in parameter space, one can always
suppose that 1z, = 0. Furthermore, we suppose that the connection I'y remains
unbroken by the unfolding.

In studying limit cycles bifurcating from such a 2-saddle cycle £ for w € K
and € > 0 near zero, it is convenient to consider the so-called difference map
A between two sections transverse to £ (see [9]). We here briefly recall its
definition. Take transverse sections i (respectively ¥5) and X5 (respectively
Y4) near s1 and sy respectively, transverse to I's (respectively T'y). Let u,v, z
and w be regular parameters that parametrize X, 3o, X3 and X, respectively.
In the respective parametrizations, I'y N Y, is represented by u = 0, 'y N X3 by
z=0,I'1N3¥s by v=0, and I'y N34 by w = 0, see Figure 2.

Then, we consider the regular transition maps RZ from ¥; to X3 along I'y
defined by the flow of —X(; (), and R}L from X5 to X4 along I'y, defined by the
flow of X(j .. Let D,i (respectively Di) be the corner passages near the saddle
51 (respectively s) defined by the flow of X .) (respectively —X(; .)), see Fig-
ure 2. We suppose that all these transition maps are expressed in function of the
chosen regular parameter on the sections ¥;, ¢ = 1,...,4. They are only locally
defined: € as well as the regular parameter u, v, z, w take on small positive values.
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Figure 2: Transition maps near a 2—saddle cycle.

Now the difference map A, : ¥; — ¥4 is locally defined as:
A(u) = Alu, p) = A% (u, ) — A (u, p),
for uw > 0, with
Al (u, p) = Ai(u) = Ri o Di (u), A%(u,p)= Ai(u) = DZ o Ri(u).

Clearly, for p near (fiy,0),7, € K, limit cycles of X, near L, correspond to
positive zeroes u of A, for u near 0. In particular, we can write

A =¢eA, (4)

for a C> map A.
As for the traditional displacement map (retour mapping minus identity),
the linear part of A with respect to ¢ is related to the Abelian integral I;z(h) for

(X(ﬁ,s))s (cfr. [9]):

A(u, 1,0) = Iz(h) = I(h, 1) = / fdy — gdz, h >0, (5)
Th

where 7}, is the non-isolated periodic orbit of Xy lying inside of {H = h} and
passing through the point v on ;. Furthermore, it is well-known that I(h, ) ad-
mits an asymptotic expansion in the logarithmic scale 1, h, ..., k%, hilogh,...:
there exist smooth functions p, g, 7, s in i such that

Iz(h) = p(E) + q(m)hlog h + r(m)h + s(m)h* log h + O(h?), h10. (6)

The coefficients p, ¢, r, s in this expansion can be calculated using Picard-Fuchs
equations (cfr. section 7 for an example).

The notion of a generic unfolding of codimension 4 also involves the asymp-
totics of the regular transition maps Ri and Ri. In Section 6, it will be shown
that, up to terms of order O (¢),¢ | 0, the transition maps R), and R, are the

i
identity map, when expressed in appropriate normalizing coordinates near the

saddles:

Ry, (v) = v +e(=Bi(n) +n(p)v +m(uv? + O(w?),u 0, (7)

for some smooth functions 31,71, 71 in the parameter u = (i, &) and

Ry () = u+ e(=B2(n) + v2(u)u + m(p)u® + O(u?)), u L0,
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for some smooth functions (2,72, 72 in the parameter u = (@, ). Furthermore,
since I's remains unbroken, we have that S2(u) = 0, Vu, and after performing a
parameter dependent coordinate change in u, one can suppose that yo(u) = 0
yielding to:

R2(u) = u+ e(m(uu® + O(u?)),u 4 0, (8)

for some smooth function 7y in p = (@1, €) .

Definition 2 Let (X(ﬂyg)) be a C* unfolding of a Hamiltonian vector field X g
like in (1). Suppose that T is a 2-saddle cycle of Xy, of which one connection,
say 'y, remains unbroken by the perturbation. Let Iy be the related Abelian
integral of (X(ﬂaﬁ))e given in (5) with asymptotic expansion (6). Let r1(u) be
the hyperbolicity ratio of the saddle of X,, lying near s1, then we define oy (i) :=
al(ﬁ7 0) by
ri(p) =14 eag(p).

Let R}L (respectively RZ) be the regular transitions along the connection T'y (re-
spectively T's ). Then, we say that (X(ﬁys)) s a generic unfolding of X g of codi-
mension 4, if

1. the Abelian integral is of codimension 3, i.e.,

p(0) = g(0) = r(0) =0,  s(0) #0, (9)

and the map

(R?,0) — (R*,0) : 7 — (p(m), q(m), (1), 1 (1)) (10)
is a local submersion at zero.

2. the functions n1 and 12, defined by the asymptotic expansions of RIQL and
R}L in (7) (respectively (8)), satisfy the following generic condition:

n2(0) # 211(0). (11)

Remark 3 The main result in [9] implies that a 2-saddle cycle for such a
generic Hamiltonian unfolding (X(ﬂ’e)) of codimension 4 can produce for limit
cycles, while it is clear that the related Abelian integral Iz can have at most &
zeroes that bifurcate from h = 0, for @ near 0. This is striking since in case that
L is a saddle-loop and the Abelian integral is generic, there is a 1-to-1 corre-
spondence between the bifurcation diagram of the limit cycles perturbing from
the Hamiltonian saddle loop and the zeroes of the related Abelian integral (cfr.

[14]).
Remark 4 Notice that

1 1 0%R?
m (0) = 55 (0) and 12 (0) = 5 ——5=(0).

The map Ri describes the transition of the flow of X oy near a connection
that is not preserved by the perturbation (¢ > 0), therefore the calculation of
1 (0) is more complicated than the one of ny (0). However, if there exists some

io € {1,...,p} such that, for p(it) = Iz(0),
p
of;

20

p(0) =0 and (0) # 0, (12)
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which is guaranteed by conditions (9) and (10), we can compute the quantity
m (0) using the formulas derived in section 6, that give expressions for the 1st
and 2nd order derivative of a tramsition map mear a connection that is pre-
served by the perturbation. Indeed, under the conditions in (12), there exists a
subfamily (Z.).,
Ze = X(y(e)e)»

induced by a smooth curve m = v(e),e | 0, in parameter space with v(0) = 0
such that Z. has a 2-saddle cycle L (g) for every e > 0 sufficiently small (see for
instance [11]). For e =0, L(0) = L and, if we denote the connections of L (g)
by T'; (¢) such that a-limit of T'; (€) for Ze is s;,1 = 1,2, then T'; (0) = T',i =
1,2. Denote the respective restrictions of the maps Rf“m,i = 1,2 to the curve

,l_L = 7(5) by Eéaﬁiai - 1,2, we have

d?R}
dv?

d?R?
du?

(0) = 2em1(e), and (0) = 2ema(e);

in particular, since vy (0) =0,

m (0) = m (0) and n2 (0) =72 (0).

3 Normal forms at hyperbolic saddles

In this section, we recall some useful normal forms for families of C'*° vector fields
near a hyperbolic saddle, that will simplify the calculations of the quantities
1 (0) and 79 (0); in particular, we give a specification of the isochore Morse
lemma for a Hamiltonian unfolding in Theorem 10. Consider a C*° family of
planar vector fields (X,,) with parameter values p varying in some open set P
of RP. Suppose that for some py € P, X, admits a hyperbolic saddle s, and
suppose that the Jordan normal form of DX, (s) is given by

A0
(0 )\2) ’

with Ay < 0 < Ay. The ratio of hyperbolicity of X, at s is defined by —Ao/A1.

As an easy consequence of the implicit function theorem, one can suppose
that the saddle is persistant for all X,,, u € P. By this we mean that there
exists a C* function s : P — R? such that each X,, admits a hyperbolic saddle
at s, := s(p) with s,, = s.

The following theorem can be found in [15].

Theorem 5 Let (X,)ucp be a C family as above such that X, admits a
hyperbolic saddle s. Suppose that the ratio of hyperbolicity of X,,, at s is rational,
given by p/q with p,q € N1, (p,q) = 1. Then for each N € N, there exists a
neighbourhood Py of po in parameter space such that the M—jet, M = N(p +
q)+1, at s, of each X, i € Py, is locally C>-conjugate to:

- x(AﬁZﬁv_Oai(u)(x”yq)i),

XN

n (13)

b=y EX b))
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where the coefficients a;(1) and b;(n) are smooth in p. In case the ratio of
hyperbolicity of X, at s is irrational, then for every N € N, there exists a
neighbourhood Py of 1o in parameter space such that the N —jet of X,,, i € Py,
is, locally near s, C*° linearisable.

Remark 6 1. The above theorem only applies to every finite jet of the family
of vector fields, while for an individual vector field we have a normal form
for its infinite jet at our disposal.

2. Using the theorem of Sternberg for families ([13]), it follows immediately
from the above theorem that, in case the ratio of hyperbolicity of X, at s
is rational, Vk € N, there exists some N (k) > k such that the family (X,,),
. . A . vV (k)
[ varying near po, s, locally near s, C¥—conjugate to X, .
In case of an individual integrable vector field a further simplification near
a hyperbolic saddle can be obtained by applying Morse’s lemma on the first
integral H.

Proposition 7 Let X be an integrable vector field with first integral H and
admitting a hyperbolic saddle s. Denote by (u,v) the coordinates near s, given
by Morse’s lemma, in which H reads uv. Then, near s and expressed in the

coordinates (u,v), X reads:
U = —u,
(14)
Vo= v,

up to C™ equivalence and a possible coordinate change in (u,v).

Proof. Denote by Y, the vector field, defined locally near the origin, that
one obtains after expressing X in the coordinates (u,v). Because uv is a first
integral of Y, it is clear that there exists a C° function Y, with Y (0) # 0, such
that Y7 = —uY and Y, = vY. After a possible coordinate switch in (u,v), one
can always suppose that Y (0) > 0 implying the desired result. m

We continue by describing another way to obtain the normal form (14), in
case X is a Hamiltonian vector field. This method will first reduce X to a formal
normal form (13) and can be useful when performing calculations in practice.
However, using this method, the normal form (14) is only obtained on each of
the half planes {u > 0}, {u < 0}, {v > 0} or {v < 0}, which will be sufficient
for our further practical use of it.

We notice that similar reductions of Morse functions are already obtained
n [12]. However these results were only valid near critical points that are not
saddle points. The method that we propose is based on the following proposi-
tion.

Proposition 8 Let X be an integrable vector field with first integral H : V C
R? — R that admits a hyperbolic saddle s. Suppose that there exist C™ coordi-
nates (u,v), near s, in which X reads:

{ e (15)
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up to C* equivalence. Then H, expressed in the coordinates (u,v), can be
written as a C*° function in wv, locally mear the origin, on each of the half
planes {u > 0}, {u <0}, {v >0} or {v < 0}.

Proof. We prove the statement for H restricted to H = {u > 0}; in an anal-
ogous way the statement is obtained for the other half planes. The orbits of
system (15) are given by the curves {(0,0)},

{(u,v) :uwv =c,u>0,v >0}, {(u,v) : wv =c,u>0,v <0}, for ¢ #0,
{(0,v) : v >0} and {(0,v):v < 0}.
Choose ¢y such that (cp,0) € H NV, then we define the map f as follows: for
¢ near zero, f(c) = H(co, £). By definition, the map f is C*°. We now check
co
that f(uv) = H(u,v) on H and locally near the origin. As H is a first integral
of system (15) on V, H stays constant on the orbits of (15) lying in HNV.
Then for u > 0, this follows immediately from the definition of f. For u = 0,
we notice that the fact that f(0) = H(u1,0),Vu; > 0, the continuity of H
implies H(0,0) = f(0). Furthermore, because H stays constant on the positive
and negative v—axis, it follows that H(0,v) = H(0,0), Vv implying the required
result. m

Proposition 9 For a Hamiltonian vector field Xy, with Hamiltonian H, given

by:
0H
T = —B—(x,y),
(16)
Lo oH
Y - (’“)x z,Y),

and admitting a hyperbolic saddle s, there exist C™ coordinates (u,v), near s,
in which the co—jet of Xy reads:

P —u()\+2i>1ai(ué)i>, (17)
- v<>\+ziz1ai(uv)l>’

for some a; € R, € Ny.

Proof. Theorem 5 guarantees the existence of a C*° coordinate transformation
(z,y) = ¢1(u,v) near s in which the co—jet of Xp reads:

0 = _U(A+Zi>1“i(““)i>’ (18)

v o= v <)\ + 21‘21 bi(uv)l),
for some A > 0, a;,b; € R, i € N;. We prove that the coefficients a; and b; in (18)

coincide. It is easily verified that the coordinate transformation (x,y) = ¢1(u,v)
transforms the Hamiltonian vector field into:

— 1 OH o gpl( )
YT T et Dpi(u,v)  Ov o
19
1 OH o ¢ (19)

- det Dy (u,v)  Ou (u, 0).
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On the other hand using Borel’s theorem on the realization of formal power
series, one finds smooth functions f and g such that

e (0)(z) =) iz, jeeg(0)(z) = D biz'.

i>1 i>1

In particular ¢; brings Xy into

.
|

—u ()\ + f(uv)) + R(u,v), "

vo= U(/\ + g(uv)> + S(u,v),

with joo R(0) = jooS(0) = 0. After a suitable near—identity transformation, one
can suppose that R = .S = 0 [7]. Comparing (19) with (20), and abbreviating
det Dy (u,v) as D(u,v) , one sees that

oD oD oD oD
4 (“auw) - vwv)) gy (o) (wo) = v v)g(uw)

(21)
+D(u,v) (f (wv) = g(uv) +wo(f'(uv) — g'(wv))) = 0.
It is easily seen that Vk € Ny, the 2k—jet at zero of the expression

oD oD

a—u(u,v) — v%(u,v) =0,

u

does not contain terms in (uv),i < k. Therefore comparing terms in uv of the
2—jet at zero of (21), one sees immediately that a; = b;. By comparing terms
in (uv)* in the 2k-jet at u = v = 0 of (21), one can proceed by induction on
k > 1 to prove that ap = b,,Vk € N;. m

The following theorem is a particular case of the ‘isochore Morse lemma’
proved by Colin de Verdieres (for C*° vector fields on R, n € N) in [3]; however,
to keep the paper self-contained without being lengthy, we include here the
theorem and its proof for O vector fields on R2.

Theorem 10 Let Xy be a Hamiltonian vector field that admits a hyperbolic
saddle s at which the eigenvalues of DXy (s) are given by £A\, A > 0. Then
there exist C>° coordinate coordinates p : C1 C R? — R2 (z,y) = ¢ (n,m),
where Cy is a neighbourhood of s in R? and a C™ function d : Cy C R — R,
where Cy is an open interval containing 0 € R d(0) = 0, such that Xy is
transformed, up to the C*° —equivalence factor A + d(nm), into

o (22)

m = m,

In particular, if H is one of the half planes {n > 0}, {n <0}, {m > 0} or {m <
0}, then ¢ can be chosen such that the Hamiltonian H (¢ (n,m)) = nm on H and
the equivalence factor equals 1/ det Dp(n,m) = A + d(nm) on H. Furthermore,
we can suppose that {n = 1} is contained inside of C;.
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Proof. From Proposition 9 and using Borel’s theorem on the realization of
formal power series, one finds a C°° coordinate change (z,y) = o1 (u, v) bringing
X, near s, into:

@ = —u(A+ f(uww)) + R(u,v),
(23)
o = v(A+ fuw)) + S(u,v),

with f being smooth such that jf(0)(z) = > ,5; a;2* and R and S being
flat at zero, i.e. jooR(0) = jooS(0) = 0. Applying a suitable near—identity
transformation, one can suppose that the flat terms R and S are zero [7], such
that the normal form of X g for C'° equivalence reads fu% + v%.

From Proposition 8, one knows that H, expressed in the new coordinates
(u,v), is a function in wwv locally near the origin on each of the half planes
{u >0}, {u <0}, {v >0} or {v <0}. Suppose H(u,v) = uwvHo(uv) on {u > 0}
with Hg(0) # 0. After a reflection with respect to the u—axis, one can suppose
that Ho(0) > 0. One performs the local transformation (n,m) = pa(u,v), with

n = uGo(uv), m = vGo(uv), (24)

where Go(uv) = /Ho(uv). This transformation will leave the linear normal
form, up to C*° equivalence, invariant but will bring the Hamiltonian into nm
on the half plane {n > 0}. In the new coordinates (n,m), Xy reads:

n = - 1 OHoyp (n,m)
~ detDyp(n,m) om 7

. 1 OH o

o= (n,m),

det Do(n,m) On

where ¢ = @1 0 @y !, On the other hand it is a straightforward calculation
to verify, using Proposition 8, that f(uv) can be written as a function d in
nm locally near the origin on the half plane {n > 0}. Therefore applying the
transformation (24) on (23) (with R =S = 0), one finds:

n = —n(A+d(nm)),
m = m(A+d(nm)),

for some C'*° function d with d(0) = 0 implying the result on {n > 0}. The
same arguments can be used for obtaining the result on the half planes {n < 0},
{m > 0} or {m < 0}. Furthermore, by performing a dilatation, we can obtain
that {n = 1} is contained inside of C;. m

4 Transition maps

In this section we give formulas for the first and second derivative of the tran-
sition map, based on Diliberto’s theorem.

Denote by X a C° planar vector field with flow ¢(t,v) := ¢;(v),v € R2.
Take two sections ¥; and Yo transverse to some regular orbit of X. Suppose
that ¢; = (fi,9:) : I; C R +— ¥; is a regular parametrization of ¥;, for ¢ = 1, 2.
Denote by T'(s) the transition map of X from ¥; to Xy expressed in the chosen

10
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parameters s and s’. In particular the orbit ¢;(11(s)) crosses the section 3o at
the point 12(7T'(s)). Let the function 7(s) be the transition time function of X
from % to ¥y expressed in the chosen parameter s; 7(s) is the time needed to
go from 91 (s) to ¢o(T'(s)).

Derivatives of the transition map and the transition time function can be
found by means of implicit differentiation of the expression:

0(s,5,7(s)) = dr(s)(¥1(s)) — ¥2(5) = 0. (25)

Denoting for fixed ¢, Do (t,v) as the differential of ¢ (¢, v) with respect to v, we
find

Da(7(s), ¥1(s)) ¥ (5) + X(r(s) (1()))7'(5) = 95(T(5))T"(s) = 0. (26)

To find the desired derivatives, we use Diliberto’s theorem [4] to decompose the
vectorial equation (26) with respect to an appropriate orthogonal basis. See also
[2], where formulas for T'(s) and 7/(s) are already obtained using Diliberto’s
theorem.

The scalar and wedge product between a vector field X with Euclidean
coordinates (P, Q) and a vector field X with Euclidean coordinates (P, Q) are
denoted as

X -X=PP+QQ, and XAX:=PQ-QP.

Define the vector field 1

X[
multiple of the orthogonal vector field:

N := X+,

0 0
Xt=—Q—+P—-
Q8x+ oy’

such that X - N = 1. The following C™ functions are referred to as the curl,
the divergence and the curvature of X at p respectively:

curl X() = 520 - So0). v X() = 50+ 520,
and: ) J
) = o (V0 XG0 ). (27)

Theorem 11 (Diliberto [4]). Let X be a C* planar vector field with flow
¢i(v),v € R?. Let p € R? with X (p) # 0. For

w = aX(p) + BN(p)
the system:

{ o = DX(d(p)o, (28)

v(0) = w

has solution

Dyo(t,p)w = A(t) X (é¢(p)) + B(t)N(¢:(p)),

11
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where A(t) := A(t, X,p,w) and B(t) := B(t, X, p,w) are given by:

A =a+ [ {mlel X1 - et X1} @0) Boyar, (20

B(t) = - exp (/Ot div X(60(p)) dr).

Theorem 12 Let X be a C™ vector field. Consider the transition map T(s)
between two sections X1 and X9 transverse to the flow of X. Suppose 1 and
o are reqular parametrisations of these sections and Iy is the orbit starting at
¥1(8) and ending in ¥o(T(s)). Let the quantities A; (s),i = 1,2, be defined as:

Ai(s) = A(s, X,1hi) = X (¥i(s)) Api(s),

and
e A X () vl
oils) = oo Xov) = R0 T T X W) 2

with i = 1,2, the derivatives of first and second order of T are given by:

L Ag(s) div X
') = R0 O / X% (30)

div X(¢l(s))v

77(6) = 7'(9) (o406 = T'G)oa( (o) + 2466) [ 3555 )

where ds represents the arc length element of T's and where A(z) := A(z, X)
and B(z) := B(2,X), z = (z,y) € R2, are given by:

A(z) = D(div X).(X1(2)) - {(25 | X || —curl X)div X}(z),
(31)
div X _
B(z) = exp /FS(Z) mds,

with T's(z) the orbit starting at ¥1(s) and ending in z.

Proof. To shorten notation during the proof let us denote § = T'(s). We

will decompose the vectorial equation (26) with respect to the orthogonal basis

{X, N} introduced in Theorem 11 to obtain formulas for T"(s) and 7/(s).
Decomposing v;(s) as

Vi(s) = ai(8)X (1i(s)) + Bi(s)N (¥i(s)) (32)
with
o(s) = X0l) - 0105
' | X (i(s)) 127
it follows from Theorem 11 that

Dr¢(t,91(5))(1(s)) = A) X (e (¢1(s)) + BN (e (¥1(s))),  (33)

Bi(s) = X (¥i(s)) Ai(s),

12
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where A(t) = A(t, X, ¢¥1(s), ¢ (s) and B(t) = B(t, X,12(5),v1(s)) are defined
as in Theorem 11. This leads to the following decomposition of formula (26):

(a2<s>T'<s> (s - A<T<s>>)x<¢2<§>>

(34)
(BT - Br(e) ) ¥ wa(s) =0,
In particular 82(8)1"(s) — B(7(s)) = 0 such that
1oy Pi(s) e
T'(s) = 5) exp /0 div X (y4(t)) dt (35)
with v4(t) = ¢(¢,41(s)). The first formula in (30) follows.
Derivation of (35) gives
T"(s) =T'(s) (gigg % (g;gg) +7'(s) div X (12(5))
(36)

N /OT(S) % <div X(%(t))> dt).

This formula can be simplified. To this end, we first search for an expression
for 4 div X (v,(t)). Because:

2 (v X)) = Dy X0 (Dt 161 (5)

one finds, after substituting formula (33),

2 (@i X)) = AODEN X0 (XGu(0)
’ (37)

+B()D(div X))y, 1) (N (7s(1)))-

Since D(div X)) (X (vs(1))) = % div X (7s(t)) one can use the technique of

partial integration on the integral
7(s) )
/ AM)D(div X)) (X (1:(0))) dt.
0
Using (37) this yields

/0T<s> js<div X(’Ys(t))) dt = {A(t) div X(%(t))} +1, (38)

where I is given by

W AG) [ AB
/o BTy 4 = A )/ X

13
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with A and B defined as in (31). Substituting (38) and 7/(s) = a2(3)T"(s) —
A(7(s)) (that follows from (34)) into (36) and using:

Pa(3) d (51(5)) _Bi() e P203)

Bi(s) ds \ B2(3)

the formula of T"(s) follows. m
The formulas in the following corollary can already be found in [5]. One
easily verifies that they are a special case of the formulas stated in Theorem 12.

= he L Wha)

Corollary 13 Let X = P% JrQa% be a C* vector field. Suppose I is an orbit

lying on the x-azis and ¥; = {x = x;} are sections locally transverse to the flow
of X at (x;,0), i = 1,2 and parametrised by y — (x;,y). Then the first two
derivatives of the transition map T along I from X1 to Yo read:

exp < - C;2_77J(x,0)dac),

1

77(0) = T'(0) /wz W(LO) exp (/"’” %(u,O)du) dz.

1

7'(0)

5 Transition along a saddle—connection

In this section, using the general formulas obtained in section 4, we derive
formulas for the first and second derivative of the transition map along a 2-
saddle connection, using normalizing coordinates near the saddles. In particular
we don’t restrict to individual vector fields but consider the transition near the
2-saddle connection in a family that leaves the saddle-connection unbroken.

We consider a C*° family of vector fields (X,),ep with parameter values
w varying in some subset P C RP. We suppose that for pyo € P, the vector
field X,,, admits a saddle-connection I', with (') = s; and w(I') = s2, 81
and sy hyperbolic saddles of X, . Let the vector field (X)) be expressed in the
coordinates (z,y).

In particular we suppose that for p near o, X, has two hyperbolic saddles
s1(p) and so(p) lying in a neigbourhood of s; respectively so such that s; (1g) =
84,4 = 1,2 and that there exists a saddle-connection I', between them that
coincides with I' for pu = py.

Let ¢ = 1,2. Denote the eigenvalues of the linear part DX, (s;) at the
saddle s; as A\; and v; with v; < 0 < \;. Denote the ratio of hyperbolicity
by r; = —5t. Denote the eigenvalues of DX, (s;(n)) as Ai(n) and v;(u) with
Ai(po) = A; and v; (o) = v;. The corresponding ratio of hyperbolicity of s;(u)

_ vi(p) _

is denoted as 7; () and r;(u) = Gy =i +7;(u), for some C° function 7; ()
Furthermore, we suppose that for u near pg, the connection stays unbroken.
This asumption is not restrictive by Remark 4.

Normalizing coordinates near the saddles. We suppose that (X,,).cp,
can be brought into a normal form at both saddles s; and s3. The normal form
at s; depends on the ratio of hyperbolicity r; (see Theorem 5). From now on,

14
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(n, m) will denote the normalizing coordinates near s; or s depending on which
saddle, s1 or s3, we are dealing with.

In case r; is given by p;/qi,pi,¢ € Ni, (pi,qi) = 1, there exist some C*
(k > 2) coordinates, near the saddle s;, in which the family (X,),cp, reads:

A= n() + aintmt 4+ Pnrm, ),
(39
= () + b (e m + Qi mt ),

where P;(z, 1) and Q;(z, 1) are polynomials in z = nPim% of degree N (k) > k
and of order O(z?). The functions \;, v;, a; and b; (respectively the polynomials
P; and Q;) in (39) depend in a C>- (respectively C*-) way on the parameter .

On the other hand if the ratio of hyperbolicity r; of DX, (s;) is irrational,
then (X,),ep, is C* linearisable near the saddle s;. In particular there exists
some C* coordinates near the saddle s; in which (X,),ep, reads:

m = vi(p)m.

The coordinate transformations expressing the coordinates (z,y) in function
of (n,m) are denoted as cpb and g@i near s; and sy respectively. We choose
normalizing coordinates near s; (resp. s2) such that points on the positive n—
axis correspond to points on the unstable (resp. stable) separatrix of s; (resp.
$2), lying on T" for y = pp. This can always be achieved by performing a suitable
linear transformation in (n,m).

Let us denote the determinants of the corresponding jacobians of these trans-
formations as A!,(n,m) := det D!, (n,m),i = 1,2. Further we also define

(40)

i

d¢l, a¢;,

. —(n,m). L (n,m)
0, (n,m) = on 0~ Om .

Remark that geometrically AL(n,m) represents the area of the paralellogram

spanned by the vectors d;n £(n,m) and %i‘l‘ (n,m). The angle between these two

vectors is strongly related to the function QL(n, m).
Let us state the following lemma, which will be of use later on. It can be
applied near both saddles s; and sy inside the family (X,,),ep,-

Lemma 14 Suppose (X,) is a family of vector fields such that X, admits
a hyperbolic saddle s persisting as 5(u) for p near pg. Denote by (n,m) the
normalizing coordinates in which the family is, near s, expressed as the normal

form N, = Nia% +Nia% in (39) or (40). Let (z,y) = @,(n,m) be the

corresponding C* coordinate change. Denote by M) and T(p) the eigenvalues
of DX, (5(p)) with 7(p) <0 < A(p). Then

99 —1
Xu(@,(n,m)) A %(n, m) = det D, (n,m)N ,(n,m), (42)
and
L Xu(@u(0,0)). 52 (0,0) % (n,0). 52 (n, 0)

15
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Proof. The identities (42) and (43) can easily be deduced from the identity
Xu(¢#(“»m)) = D@p(nvm)ﬁﬂ(nam)‘ (44)

Expressing the transition using normalizing coordinates. Take a C*
normalizing coordinate transformation (z,y) = ¢} (n,m) near s; and s such
that the normalizing coordinates transform the family (X,,) into (N},) given by
(22), and satisfy the properties of theorem 10. In these normalizing coordinates
(n,m) we choose sections ¥}, = {n = 1} and X2 = {n = 1} near s; and s,
respectively that are transverse to the flow of the normal form (22) for (X,,),ep,-
In a natural way we use the normalizing coordinate m to parametrise the section.

The transition map from E}L to ZZ expressed in the normalizing coordinate
m is denoted as R, (m). Remark that R,(m) is only defined for m near zero
and g near po. Calculating the derivatives of R, directly using Theorem 12 is
not possible. Indeed only a finite jet of ¢, and ¢ at (0,0) can be calculated
implying that one is not able to calculate the derivatives of the parametrisations
of the sections EZ, 1 = 1,2. However this can be dealt with by using a limiting
process (see also [8]).

Take Ko > 0 and g9 > 0 such that {(z,y) | 0 < n < Kp,—e0 < m < &}
lies in the domains of ¢, and ¢?. For some 0 < K < K fixed, consider the
section'CfL’K = L, ({(K,m) | —eo < m < &o}), parametrised by ¢, |{,—x}:
m = @, (K,m), i=1,2.

Consider the part of I',, lying between the sections C/L x and C’ﬁ, %, denoted
as T, k, and write Z = T, (V) as the transition map along I';, x from CLK to
Cﬁy i expressed in the parameter m. Further let F}, i (respectively G, k) be the
transition maps from {n = 1} to {n = K} near s; (respectively {n = K} to {n =
1} near sg), expressed using as parameter the normalizing coordinate m. Then
the transition map R,, can be seen as the composition R, = G, x0T, ko F), .

The first two derivatives of R, at zero are now given by

/

R, (0) = G}, x(0)T, x(0)F}, £ (0), (45)
and

—/ 2 —//
R;(0) = Gl (0) (T (0)) (B (00)* + G (O) T, (0 (F e (0)°
—/
Gk (0) T, 5 (0) FY 1 (0).
(46)
Because these equalities hold for every 0 < K < Ky, one can switch over to the
limit for K — 0 causing the chosen sections C}L’ x and Ci x to tend arbitrarily
close to the saddles. This process will enable us to calculate the derivatives as
stated in the following theorem.

Theorem 15 Let (X,,) be a C* family admitting for each parameter two hy-
perbolic saddles s1(p) and so(p) with a saddle-connection I'), between them. Let
R,, be the transition map from E}L to Ei along I',, expressed using normalizing
coordinates. Consider the normal form at s;, (39) or (40), and the correspond-
ing coordinate transformation cpfu i =1,2. Let 'y, k be the part of I',, starting

16
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at },(K,0) and ending in 7% (K,0). Then one has

AL(0,0) A i
R,(0) = A0 M) [K”(“)‘”(“) exp ( /F div L, dsﬂ , (A7)

- AZ(0,0) Aa(p) K0 e | Xl

where ds represents the arc length element of I';,. Suppose that R} (0) = 1, then

A, B
" = 1i 17T1(M) 1 el 3
Ry(0) = lim [ U (K) + L(K) + M (1)K AL(K,0) /ru,K e ds},
(48)

where A, (p) := A(p, X,.), B.(p) = B(p, X,,) are defined as in Theorem 12 and
where U, (K) is the difference U} (K) — UZ(K) with

A .
S2(K,0) 0 (K,0) )

oy ( m ) . i .

; - div X, (¢ (K,O))), i=1,2.
AL (K,0)  Ni(pK e

Ui (K) = K <

The function I,(K) disappears for r; ¢ N. When r; € N it is given by the
difference I} (K) — I2(K) with

IZL(K) — iZEZ; KT bi(/u‘) _:?(iligi)ri(ﬂ)w (K, Fz(u)), i=1,2,

where w is the traditional compensator defined by

K1
w(K,a)={ 4 Jora#zl (49)
InK fora=0

Remark 16 In expressions (47),(48) as well as in (60), some terms tend to
infinity, but the limit value of the expression in the right-hand side exists and
is finite, since the limit of the left-hand term is well-defined for K — 0 by defi-
nition. In fact, in (47) for instance, the logarithm of the expression in between
the brackets [...] is given by

(ro(p) —r1(p) In K + (/F m%) ;

since its limit for K — 0 is finite, the integral is divergent and its principal part
s given by
= (r2(p) =r1(p)) mK +0(1), K — 0.

In fact, we are not interested in these principal parts but just in the finite quan-
tities which remain after subtracting these (non-interesting) principal terms. In
some sense, it is a question of method: we want to compute quantities which
are trivially known to be finite (R},(0), R};(0), and next n1 (0),n2(0)) and the
method is to apply expressions which diverge in terms of a parameter K and to
retain some finite residue.

Proof. We will successively calculate all derivatives appearing in the right-hand
side of formula (45). Because the equality holds for all 0 < K < Kj, one can
take the limit as K — 0 to find the desired derivative 2], (0).

17
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For calculating the derivatives I, ;-(0) and G/, ;(0), one can use the formu-

las of Corollary 13. One computes F}, ;- (0) = K1) and G,k (0) = K2
such that _,
R’M 0) = Kr2(w)—ri(p) TM,K<O)' (50)

The derivative Tlu, x(0) can be calculated using formula (30) in Theorem 12.
From Lemma 14, it easily follows that

— ALK, 0) A (p) o div Xy,
Dt OV = 3 0) o) </ AR ) 1

One now substitutes (51) into (50) and takes the limit as K — 0. Because the
coordinate transformations npt and 4,03 are locally diffeomorphisms, AZ, 1=1,2

stays away from zero for K near 0 implying (47).
/

Assuming that R),(0) = 1, i.e. G}, ;(0) T, x(0) F) ((0) = 1, equation (46)
simplifies to

G (0) T (0 F" (0)
RI(0) = el ZEC () 4 e 52
O = o 7, 0 O RO o2

Again we calculate all ingredients of the right-hand side in this identity after
which we let K tend to zero.

The term F), ;-(0) (TZ’K(O)/T;)K(O)) in (52) can be computed by use of The-
orem 12. We define o), (K) := 01(0, X1, oy o=k ) and 07(K) := 02(0, X1, ¥y lw=x
), where o1 and oy are defined as in Theorem 12. From equation (50) and the
assumptation that R, (0) = 1, it follows that T;,K (0) = Km(W=r2(1) | Because

F (0)= K1) one finds, using Lemma 14:

0
FLa @D (Kol () - K00 ()
;L,K(O)

AL () K1 AL (K 0) / 2 B”s ds) '
P I X |

The expressions for the functions UL (K) can be simplified by applying Lemma
14. When r; ¢ N, in particular when ¢; > 1, we find

dA],
ol(K) = 9y (X.0) — 9’1‘(1{’0)
ALK, 0)  Ai(u)K

div X, (¢, (K, 0),

while in the case where r; € N, we find

8A!
1 B o (K, 0) 0. (K,0)
W)= AR 0) T MK

div X, (0, &) + 2 g,
M(gpu( ) )\1(#)

Totally similar expressions are obtained for o2 (K).
For the expression F/ ;(0)/F), ((0) we use Corollary 13. One calculates
that for 1 ¢ N this quantity vanishes and that for r; € N:

Flk(0) by () + ar(p)r1(p) /K 2= L) g
1

Fpk(0) A1 (p)

(53)

18
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Computations of the same sort also reveal an expression for G/, ;(0)/G], (0)
when r, € N :

Gik Az ()

By (49), the integrals in (53) and (54) are the compensators w (K,1+ 71 (1))
and w (K, 1+ 75 (1)) respectively. Doing the obvious substitutions into (52) and
taking the limit as K — 0 yields the formula for R};(0) in (48). m

Notice that in practice Theorem 15 can only be used when R} (0) = 1,
which is true after a coordinate transformation m = R} (0)m in normalizing
coordinates near sj.

Gl/ O K ~
ni(0) 2bg(u)+a2(M>T2(M)/l o (72(1) g (54)

6 Regular transition maps near a Hamiltonian
2—saddle cycle

In this section, we apply the formulas obtained in the previous section on an
unfolding of a Hamiltonian vector field.

Consider a family (X,) like in (1), u varying near po = (fig, 0) with 7z, € RP,
and where X g has a saddle—connection I' on which the Hamiltonian takes con-
stant value 0. Denote s; and sy as the hyperbolic saddles that are respectively
given by the a—limit and w-limit of I'. Assume that I" persists in the family

(X)-

Appropriate normalizing coordinates near the saddles. Consider first
the Hamiltonian vector field X g near the saddles s; and s5. Let i =1 or ¢ = 2.
Denote the eigenvalues of DXy (s;) as £X;, A; > 0. Theorem 10 guarantees the
existence of coordinates (7,7) in which Xy, near s;, reads:

{T.L - (55)

= —’[’n7

3|

up to a non—zero factor E?(m,m) that equals —\; for nm = 0. Denote by
the coordinate transformation expressing the old coordinates (z,y) in function
of the new ones (7, m). Let H; denote a half plane that contains, in its interior,
the separatrices corresponding to the separatrices of s;, that lie on £ for e = 0.
One can choose 1§ such that H expressed in the new coordinates reads nm on
H; and such that E?(n,m) = —1/det Dy (n, m) on H,.

Peforming, if necessary a coordinate switch or a reflection with respect to
the origin, one can suppose that points on the positive n—axes correspond to
points on I'y lying near s; and sy respectively; similar, This choice of coor-
dinates implies an orientation on the normalizing coordinate axes such that
det Dy3(0,0) = 1/X; and det Dy2(0,0) = —1/Xa. The half plane H; can be
chosen such that in the new coordinates it will correspond to {n > 0}.

We continue by peforming the transformation (x,y) = ¢ (7, m) on the family
(X,) yielding:

(56)

3
I

noo= m+efi(mm,p),
—m+€g; (ﬁ7 m, ,U/)7
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up to the factor E?(m,m). Applying Theorem 5 yields C* transformations
(m,m) = (I—i—E(/)L)(n, m) (i = 1,2), near s; and for u near pg, transforming (56)
into the normal form:

i = n(l+e(N(p) + a;(u)nm+ Pi(nm, 1)), -
o= —m(1+e(@(p) — bi(p)nm — Qi(nm, w))),

where P;(z, 1) and Q;(z, 1) are polynomials in z = nm of finite degree N (k) > k
and of order O(z2).

Composing all the above performed transformations, one obtains C* trans-
formations (z,y) = ¢/, (n,m) and (z,y) = ¢ (n,m) near the saddles s; and s;
respectively and for p near p bringing the family (X,,) in (57) up to the factor
Ei(n,m,p) = (EY o (I +¢¢},))(n,m), i=1,2.

Derivation of the transition along a Hamiltonian saddle—connection,
expressed using appropriate normalizing coordinates. As before, choose
transverse sections Z}L and Zi corresponding to {n = 1} in normalizing coordi-
nates near s; and s respectively. Similar choose transverse sections Ei and Z;‘;
corresponding to {m = 1} in normalizing coordinates near s; and s, respectively.
The sections Z}L and Zi are parametrised using the normalizing coordinate m
while the normalizing coordinate n is used in order to parametrize the sections
23 and Zi.

Consider the transition maps R, (m) and R (n) from X to X3 and X to
3.4 respectively, see Figure 2. We will derive formulas for the first and second
derivative of R, := R}L at zero. Similar formulas for Ri can be deduced by
applying a coordinate switch in normalizing coordinates.

Because we have chosen the normalizing coordinates in such way that for
€ = 0 the Hamiltonian H reads nm in the normalizing coordinates near the
saddles on {n > 0}, it is easily verified that R, = I + O(e).

On the half plane {n > 0}, one can define for i = 1,2:

—E;(n,m, u) det (D', (n,m)) = 1+eAy(n,m)+O0(c?),
Py s (58)
Op(n,m) = 2o (n,m) - (n’m).

ol
| 52 (n,m) ||?

Further, we let a2(%) = @; (1) |c=o and b9(7) = bi(p) |c=o. We can now state
the following proposition.

Proposition 17 Suppose (X,,) is a perturbation of a Hamiltonian vector field
as in (1), with p varying in a neighbourhood of some (fy,0), T, € RP, such
that Xg admits a saddle—connection I' : H = 0, between two hyperbolic saddles
s1 and sy, that persists in the family (X,). Choose appropriate normalizing
coordinates (n,m) near the saddles in which (X,,) reads as in (57) and consider

the functions gé and ZL defined in (58) together with the coefficients a () and
b (7). f

Consider the transition map from E}L to Ei expressed in the appropriate
normalizing coordinates. Then we have

RL(0) =1+ O(e). (59)
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Denoting Tk as the part of T lying between ¢{(K,0) and ¢¥3(K,0) and fz, gz
as the restrictions of f and g to € =0, we have

RZ(O):eII(@O a(ﬁ)-l—(S(ﬁ)an-i—Ug(K)—/ A

e TXa ] O, (60)

where A(z) is defined as
A(2) = D(div (fr, g)) (X1 (2)) — {(2/‘60 | X [| = curl Xpr) div (f»g)}(z)v

with ko(z) the curvature of Xy at z, as defined in (27), and where Ux(K) is

given by the difference U%(K) - U;(K) with

—i 1 [0A, 7. (K,0
Upl(K) = 4 (“(K, 0) + Bo(£,0)

=%\ m MK<mmw%MmJ =12

The coefficient (i) is given by af (i) — a3 (i) and 6(r) is given by 61 (ft) — 62 (7z)
with 6;(11) = 2(bY (1) + &} (7).

Proof. We choose appropriate normalizing coordinates (n, m) near the saddles
as before and apply Theorem 15. In the normalizing coordinates, all transitions
occur in the half plane {n > 0}, even in {n > 0} N {m > 0}. So all calculations
in normalizing coordinates can be restricted to the half plane {n > 0}.

Formula (59) is just the consequence of the fact that R, = I+O(¢e). However
it can also be seen by applying the formula (47). Let us explain how formula
(60) follows from Theorem 15.

In the formulas of Lemma 14, we have to take the equivalence factors
E;(n,m, u) into account, i = 1,2. Equation (42) stays valid up to this equiva-
lence factor:

i ¥ i
Xy (n,m)) A 877: (n,m) = Ei(n,m, pu) det D¢/, (n,m)N,(n,m),  (61)

for ¢ = 1,2 and where N, = Nﬁ% + NEL% denotes the normal form (57) at
s1 or sy depending near which saddle we apply the identity. Equation (43) is
translated into:

. dyt. ap’ g’
- X,u(¢},(n,0).5(n,0) 5 (n,0).52(n,0)
(I4+eXi(pw)nE;(n,0,p anLg ik m — _On . om . (62)
) | X, (0, (n, 0)) || | %k (n, 0) |2 (

7
wr

Formula (61) implies that the area A
replaced by:

in the proof of Theorem 15 is now

Al = E;(n,m, ) det { D}, (n,m)}

— — (144, (n,m)+0(e?), i=1,2.

Further, for ¢ = 0, formula (62) leads to

X (65(n,0)). 522 (n.0) _ Gh(n.0). 5 (n.0) _ o
" H XH(?/JB(TL»O)) ”2 ” %’io (n70) H2 O(n ) ( )
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such that 9,2 (n,0) appearing in the formulas of Theorem 15 now equals gg(n, 0)+
O(g),e — 0.

Noticing that the divergence of X, reads div X, = ediv (f,g) + O(¢?) and
referring to the normal form in (57), it should be clear for the reader that
formula (48) in Theorem 15 reduces to

RZ(O) =E&r (K7 ﬁ) =+ 527’2(K, /.t), (64)
where 71 (K, ) is the function given by

ri(K, ) = a(m) + (i )an—FU#(K)—/F ”Xvigds,

with all appearing functions defined as above.

Notice that the transformation m = RJ,(0)m in normalizing coordinates
leaves the equality (64) invariant up to order O(g?). Therefore, one can always
assume that the condition R}, (0) = 1 is satisfied such that it is justified to apply
formula (48) for obtaining a formula for R/;(0) up to order O(e?).

Because R, = I + O(e), we can write:

Ry;(0) = en(m) + O(e?), (65)

for some function n(f@), C* dependent on 7. In particular comparing (64) with
(65), one sees 1 (K, ) = n(), for all 0 < K < Ky, K near zero. This implies
(i) = limg_,0 71 (K, Ti), resulting in formula (60). m

Formulas for calculating 7, and 7. Consider a family (X,) like in (1)
containing a period annulus bounded by a hyperbolic 2-saddle cycle L, see
Figure 1, that leaves the connection I's unbroken. We choose H to be zero
on the 2-saddle cycle and strictly positive on the nearby closed orbits. In the
following corollaries, we obtain formulas for n; (7, 0) (resp. 72(%,0)), defined in
(7) (resp. (8)) in the case where one can find a curve in parameter space passing
through (7, 0) along which I'y persists.

Corollary 18 Suppose (X,,) is a perturbation of a Hamiltonian vector field
Xu = Xg,,0), containing a hyperbolic 2-saddle cycle L, that leaves the con-
nection T's unbroken. Suppose there exists a curve i = y(g) in parameter space
passing through (fiy,0) along which the connection T'y stays unbroken. Choose
appropriate normalizing coordinates (n, m) near the saddles in which (X ) reads
as in (57) and consider the functions 0, and A defined in (58) together with
the coefficients a0 (f) and b9 (7). Let T be the part of T'1 lying between ¥} (K, 0)
and Y3(K,0). Denote f,, and g,, as the restrictions of f and g to p = (po,0)
respectively. Then the coefficient n1(fiy,0) as defined in (7) reads
A

m(fy,0) = Ilgglo [ a(fig) +0(fig) n K + Vg (K) — /F}( TXa P

ds], (66)
where A(z) is defined as
A(z) := D(div (fltmg#o))z(XIJi(z)){(Qﬂo | Xa || — curl XH)diV(f#mg#o)}(Z)
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with ko(z) the curvature of Xy at z, defined as in (27), and Vg, (K) is given
by the difference V%O (K)— Ve (K) with:

Ho

__o 1
1 1 [(0Ag 0A;
_(K) = — °(K,0) — —2(K
Vi) = (G0 - SR 0)

—1 —2
72 1 90(K7O) : GO(KvO) :
VﬁO(K) = K<>\1K d1v1—|—7)\2K divy |,

where div; == div (fug, Guo ) (V§ (K, 0)). The coefficient a(fiy) is given by aS(fig) —
a(fio) and 8(fiy) is given by da(fig) — 1 (Hg) with 67 (fe) = 2(bY (o) + af (o))-

Proof. Applying Proposition 17 on the family (Z.) = (X(y(c),s)), one easily
obtains formula (66). m

Corollary 19 Suppose the same notations and considerations as in Corollary
18, and let TX be the part of Ty lying between (0, K) and ¥3(0,K). Then,
the coefficient n2(fiy,0) as defined in (8) reads:
_ : _ _ - A
m2(fig; 0) = lim | 5(1zg) + (i) M K + Vi (K) = | oz ds|, (67)
=0 r2 || Xa ||

where A(z) is defined as in Corollary 18 and Vﬁo (K) is given by the difference
V2 (K) = Vi (K), with:

—2 1

V(K 1 (94, 0, K 945, 0, K

7, ()= K<8n(’ )- an(’ )>’
—1 —2

. 1 (8,(0,K) .. 0,(0,K) .

2 . 0 0\™

V2 (K) = K( R divy + K divy ),

where div; := div (fuos 9uo)(5(0, K)). The coefficient B(H) is given by (1) —
b (1) and 8(fiy) is given by 6a() — 61(1) with &7 (7o) = 2(bY (o) + a3 (To))-

Proof. After a coordinate switch (n,m) — (m,n), we can apply Corrollary
18. The coefficients in the normal form (57) switch roles and change sign, if we
want to keep the expression of (57) as it is. Because I'; runs from $1 to sg, the
roles of the saddles are interchanged compared with Corollary 18. m

7 Unfolding a Hamiltonian 2—saddle cycle

In this section we verify that the unfolding (X(z..)), (i1,€) ~ (0,0), of the Hamil-
tonian vector field X, defined in (2) and (3), satisfies the generic conditions
in the sense of Definition 2.

The phase portrait of X contains four singularities: two centers at (0, +2)
and two saddles given by s; = (—1,0) and sy = (1,0) where both saddles
have eigenvalues +2 (cfr. Figure 3.). The singularities as well as the saddle-
connection between them lying on the xz—axis, remain fixed after perturbation.
The saddles and the saddle-connection on the z-axis are part of two 2—saddle
cycles, one lying in the half plane {y > 0} and one lying in the half plane {y < 0}.
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Both 2-saddle cycles lie inside {H = 0}; as in the announcement of theorem 1,
we will only focus on the 2-saddle cycle that is contained in {H = 0}N{y < 0},
and call it by £. The non-isolated periodic orbits inside £, lie inside {H > 0}.

Figure 3: Phase portrait of Xg = X5,0)-

The conditions concerning the Abelian integral. Suppose h > 0 and
denote 7, as one of the closed curves inside the annulus of which L is the
boundary. The Abelian integral is defined as:

I(h,p)= [ fdy—gdz, (68)
Th

with f(x,y, i,€) and g(z,y, ii,e) the functions that appear after the parameter
¢ in the expression of (X,), (2). We now check the conditions (9) and (10).

In what follows, we calculate the coefficients in the expansion of I using
Picard-Fuchs equations; write

I(h, i) = p(E) + q(@)hlog h +r(@)h + s(@)h* log h+ O(h*).  (69)

The Abelian integral related to (2) is given by:

I(h,m) = [, Bszydy — (M +E2x)ydx
+ [, Bay’rdy +y(a® + ﬁy —1)(z — Y2Eya)dy
=H(z,y)

= T [, viedy+ (/ls iz h) [, zydy
+h f% xdy — 11 f% yda? T f% rydx

O I = )+~ YL + (W), (70)

with I (h) = fw yFxdy. Now by direct computation, one easily verifies that:

lim Iy(h) = —V/3m, lim I;(h) =8, lim Ir(h) = —3/3.
h—0 h—0 h—0

In particular the condition to have a 2—saddle cycle is given by:

1(0,71) = —3V/377iy + 8115 — V3771, = 0.
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Referring to [6], the Picard—Fuchs equation is given by:

d I() %hQ - 2 _%h % IO
D(h)% L | = h Sh? —h L, (71)
I —3n?  —3h 3R? I,
with D(h) = 3h(h* — (%)2) Writing:
Io(h) = —V3m+aih+ashlogh + azh®logh + O(h?),
Ii(h) = 8+bih+byhlogh+bsh?logh+ O(h?),

fepl

2
>

~—
[

—3V371 + c1h + cahlog h + csh? log h + O(h?),
and substituting in (71) gives:
as = —1, b1 = —\/57'('7 b2 = 07 Cc1 = 12, Cy = 0.

We conclude that:

Io(h) = —V3m+aih— hlogh+ azh?®+ ash?logh + O(h?),
Ii(h) = 8—+/3mwh+bsh?+ bsh?logh + O(h?),
Iy(h) = —3V3m+12h + c3h? + csh®log h + O(h?).

Using (70), the coefficients in (69) are given by:

p(m) = —3V37h, + 8y — V3T,
o(m) = —,

r(g) = 12, — \/§7rﬁ3 +aifiy,
s(m) = cafiy + bafiz + aspiy — 1,

So p(0) = ¢(0) = r(0) = 0, but s(0) # 0. Moreover, since a1 (i) = 3(fi; — Ha),
it is easily seen that the map

i (p(R), q(m), v (1), aa (1)),
is a local diffeomorphism at zero.
Calculation of appropriate normalizing coordinates. By the calcula-
tions of the Abelian integral and the observations in remark 4, we can use for-
mulas (66) and (67) in order to calculate 72(0) as well as 71 (0). Along {fz = 0}

the perturbation is zero on both connections of £, implying that the 2-saddle
cycle persist in the subfamily (Z.)_ , where

Ze = X(y(e),c), Where v () =0,ve ] 0.

In what follows, notations are kept the same as in Corollaries 18 and 19.
We calculate the appropriate normalizing coordinates near the saddles of the
subfamily (X.) = (X(o,;)). The unfolding (X.) reads:

(X){x = 1—in—x2+5y(x2+%y2—1)(x—@xy),
2
y = 2wy
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with Xo = Xy and H defined in (3). It will appear to be sufficient to perform
normal form calculations up to order 4.

The Hamiltonian vector field Xz has two hyperbolic saddles, one at (—1,0)
and one at (1,0). Near (1,0), we proceed as follows. We start with calculating
the 3-jet of (z,y) = ¥&(m, M), the coordinate change transforming X into the
normal form (55) up to C° equivalence. First, we translate the singularity to
the origin, yielding:

A 1,2 2
T = 2z —3y°—1°,
Yy = 2y+42zy.
The linear part at the origin is already in its Jordan form. The transformation
— 1,3 7 —_2 1727 1 73
= n s n - — 2
(@,y) = @+ 2°+ 2T 7+ T7 — =7), (72)

will remove all terms of order less than 4. One concludes that the 3—jet of
X is C¥ linearisable by the transformation given by the composition of the
translation (z,y) = (T + 1,7) with (72).

The Hamiltonian expressed in the new coordinates already reads 2xy up to
order 5. Therefore the transformation that brings the Hamiltonian in xy is up
to order 4 given by a dilatation that one can choose to be (z,y) = (T, g) After
a switch of the normalizing coordinates and a reflection (x,y) — (—z, —y), the
positive x and y—axis in normalizing coordinates correspond respectively to the
unstable and the stable separatrix of so lying on £. One obtains the following
3—jet of the transformation (z,y) = ¥2 (7, m):

— e im? - Lp2 _1m3 . T p2ey
(x,y) = (1 M+ 5M° — gsn° — 7M° — 1657,

(73)
—in—inm-—inm? + 3514n3>
The 3-jet of (X.) is transformed into:
n = n+ien’m, )
. 74
m o= —m-— lenm—eYnn’m,

up to a factor 2 4+ O(|[nm|%).
Near s;1 = (—1,0), one can make use of the symmetry of Xy with respect to
the y—axis. The Hamiltonian vector field is invariant under the transformation

(.’L’, y7t) = (—$7y, _t)a

such that the behaviour of X in the region {(z,y) | =1 < x < —1 4 ¢} is
exactly given by the behaviour of — Xy in the region {(z,y) | 1 —eg < z < 1}.
Choosing 1§ = S o 92, where S(z,y) = (—x,y), the 3-jet of (X.) is near s;
transformed into:

n = n-—ien’m,
V3, =2 (75)

m = —m+ ienm+eLrnm,

up to a factor —2 + O(|mm]|?). Moreover the Hamiltonian expressed in new
coordinates reads n’m, up to order 5.
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One continues by performing a transformation of the form I +epi, i = 1,2
near s; and so respectively, keeping the unperturbed vector field unchanged but
removing non-resonant terms of order less than 4, appearing after the parameter
¢ in expressions (74) and (75).

Performing the transformation

(7, ) = <n,m - 5(%nm 4 <;5 _ ﬁ”) n2m)),

one comes to the following normal form at s; for the 3—jet of (X.):

n = n+3en’m,
. (76)
m = —m,
up to a factor 2 4+ O(|nm|%).
Analogously, performing the transformation
. 1 1 \/§7T 2
(m,m) = (n,m Jra(inm + <8€ + 64) n m)),
the 3—jet of (75) will, locally near sq, be transformed into:
n = n- %snzm,
: (77)
m = —m,

up to a factor —2 + O([mm|?).

Calculation of 7;(0) and 72(0). We use formulas (66) and (67) to calculate
m(0) and 72(0). Using the above normal form calculations, one computes the

functions G, and Al i = 1,2, defined in (58) :

_ —2 13 11
Oo(n,m) =By (n,m) = oo — ooy + O(|| (2,9) ),

where z and y depend on (n,m) and:

—1
An,m) = n+ LvErn2+ O] (n,m) |2,
—2
L(nm) = —in— VB> +0(] (nm) ),
together with:
. V3 V3
div (vagO)($7y) = ny(x - ] ZC:[/) + H(l‘,y)(l - ) y)7 (78)

where fy and gg are the functions appearing after the parameter € in the ex-
pression of (X¢). In particular, one gets:

div (fo,90)(3(0, K)) =0, i=1,2, V0< K < K,
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such that VZ(K) = 0, for each K near zero, in formula (67). On the other hand,
the asymptotic behaviour of Vi!(K) as K — 0 is given by:

- 1
VoK) = —5 TOK), K0

One concludes that the function Vo(K) in (67) has the following asymptotic
behaviour as K — 0:

1
o(K) = 2 +O(K), K 0. (79)
Furthermore, from (41), we have:
—1 =2 13 3
B0 (6,0) = By (K.,0) = 5K +O(K™), K =0

and, from (78),
div (fo, 90) (19 (K, 0)) = div (fo, 90)(¥5 (K, 0)) = =K + O(K?), K —0

such that the function Vg(K ) in formula (66) is given by:

VoK) = —g +O(K),K — 0.

Furthermore, one easily gets
Vo(K)=0(K),K -0
implying that V(K) in formula (66) is given by:

VO(K):§+O(K),K%O. (80)
We are left with the calculations of the integrals appearing in the formulas (66)
and (67) of n1(0) and 72(0) respectively.

Consider the integral in formula (67), along the orbit I's lying on the z—
axis. Parametrizing the orbit using the z—coordinate leads to an integral over
x € [ri0,K),r?(0,K)] with ¢} = (ri,r}) and K varying in ]0, Ko[, Ko near
zero. A direct calculation yields the following primitive of the integrand:

F(z) ;:m(l‘”) S

14z x2—1

Because 71 (0, K) = —r#(0, K) the integral equals:

A r2(0, K) (1 - r%(o,K))
——ds = —-2——— " — +21 — .
/ IXa P77 720,K2 -1 " " \1+20,K)

Using (73), one easily finds that

1
r2(0,K)=1—-K + 5K2+0(K3), K—0
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yielding in

A 1
——ds=—=—-2In24+2InK+0O(K), K —0. 81
AanHW K () (&)

Consider now the integral along the connection I'; in formula (66),

1
T2+ -y’ —1=
1iat oy 0,

which can be parametrized by the z—coordinate yielding an integral over = €
[r#(K,0),r1(K,0)]. A direct calculation shows that

G()._x(\/gwx/?;f?)ﬂfll) 3 ) +11 1+2x
x) = ST 119 L7 aresing n .

1—x
is a primitive of the integrandum, where

o (\/§7r\/3 — 322 — 4)
9(®) = =g+ 117

— —marcsinx.
4

Thus, the integral equals G(—r$(K,0)) — G(r?(K,0)). Using (73), one sees

KQ
r3(K,0)=1— 55 +O(K?), K—0

such that the integral equals

A 1 3
———ds = — “r2492lnK —1 192 1 K — 0. 82
L;HXHWSS p Fgm P K o nl924o(l), (82)

Substituting the obtained data (80), (82),(79) and (81) in the formulas (66)
and (67), one gets:

1
m(0) = é +1In192 + %772 and 72(0) =2In2.
Clearly, these values fulfilled the necessary condition 73 (0) # 2 (0) in (11),
we wanted to verify (see page 5).
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